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Irreducible Bases and Correlations of Spin States
for Double Point Groups
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In terms of the irreducible bases of the group space of the octahedral double
group O’ an analytic formula is obtained to combine the spin states |j, W) into
the symmetrical adapted bases belonging to a given row of a given irreducible
representation of O’. This method is effective for all double point groups.
However, for the subgroups of O’ there is another way to obtain those
combinations. As an example, the correlations of spin states for the tetrahedral
double group T’ are calculated explicitly.

1. INTRODUCTION

It is a common problem to combine the spin states |j, u) into the
symmetrical adapted bases (SAB) that are defined as the orthogonal bases
belonging to the given rows of the given irreducible representations of a
point group. The SAB are very useful in classifying the electronic states in
the presence of spin coupling. In particular, for the electronic states with
half-odd-integer spin, one has to deal with the double group symmetry
(Bethe, 1929).

As is well known, the SU(2) group is the covering group of the rotation
group SO(3), and provides double-valued representations of SO(3). Following
the homomorphism of SU(2) onto SO(3),

+u(h, ®) — R(H, ®) (1)

we are able to define the double point groups as follows. In the rotation
group SO(3), a rotation through 27 is equal to the identity E, but it is different
from the identity in the SU(2) group:
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R(n, 21) = E, u(n, 2m) = £ = —1 (2)

The point group G is a subgroup of SO(3), and the double point group G’

is that of SU(2). A point group G is extended into a double point group G’
(Bethe, 1929) by introducing a new element E’ satisfying

RE' =F'R, (E)Y=E, ReGCG, ERcG (3)

In order to distinguish R € G C G’ from E'R € G’, we restrict the rotation
angle ® to be not larger than 7

u(h, ®) - R(h, ®) € G, l=o=m
—u(h, ®) = u(—h, 2T — ®) > R(—0, 2n — ®) = R(h, ® — 27) 4)
= E'R(n, ®)

The period of ® in the SU(2) group is 47.

Recently, the problem of combining the spin states | j, u) into the SAB
has drawn the attention of physicists. A new technique (Chen and Fan, 1997),
called the double-induced technique, was used for calculating the irreducible
bases for the tetrahedral group T’ and the combinations of the angular momen-
tum states. It was stated (Chen and Fan, 1997) that this technique can be
used to calculate similar problems for the octahedral double group O’ and
icosahedral double group I'. The character table and the correlation tables
relevant for the icosahedral double group I, were presented (Balasubramanian,
1996). The element E’ was denoted by R in Balasubramanian (1996) and
Hamermesh (1962), and by 6 in Chen and Fan (1997). The double point
group G' was denoted by G’ in Chen and Fan (1997).

As is well known, the character tables of double point groups are easy
to obtain from group theory, and the calculation for the correlation tables is
straightforward. In principle, the character table can be used to find the
similarity transformation that combines the states with a given angular
momentum into the SAB. However, it becomes a tedious task when the
angular momentum increases. Fortunately, the difficulty can be overcome by
using irreducible bases in the group space.

From group theory (Hamermesh, 1962, p. 106), the group space is the
representation space of the regular representation where the natural bases are
the group elements. The number of times each irreducible representation is
contained in the regular representation is equal to the dimension of the
representation. Reducing the regular representation, we can obtain the irreduc-
ible bases \JIEV with the following property:

R‘J/;Ev = Zp: ‘J/gngp(R), ‘JIEVR = Zp: DEP(R)‘JI}EP (5)

Therefore, those irreducible bases are called the bases belonging to the pu
row and the v column of the irreducible representation I'.
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Assume that G is a point group, which is a subgroup of the rotation
group SO(3). Applying its irreducible bases \Jll;w to the angular momentum
states |j, p), we obtain the SAB \Jll;w lj, p), if it is not vanishing, belonging
to the u row of the representation I" of the point group G:

RU1j, py = ; Diu(RWI 1], p) (6)

This method is effective for both integer and half-odd-integer angular momen-
tum states. In this paper we will calculate the irreducible bases in the group
space of the octahedral double group O’ (Section 2), and then find a simple
and unified formula [see (18) in Section 3] for calculating the SAB. This
method is effective for all double point groups. Most double point groups
are subgroups of O’. The SAB for a subgroup can also be obtained from the
SAB of O’ by reducing the subduced representations of Q' for the subgroup.
In Section 4 we will demonstrate this method by taking the tetrahedral double
group T’ as an example. The calculation for the icosahedral double group
will be published elsewhere Dong et al. (1997). We give some conclusions
in Section 5.

2. OCTAHEDRAL DOUBLE GROUP

A cube is shown in Fig. 1. The vertices on the upper part are labeled
by 4;, 1 = j =< 4, and their opposite vertices by B;. The coordinate axes
point from the center O to the centers of the faces, respectively.

The group O contains three fourfold axes, four threefold axes, and six
twofold axes. The fourfold axes are along the coordinate axes, and the
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Fig. 1. A cube with O, symmetry.
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rotations through /2 around those fourfold axes are denoted by 7%, T,, and
T-, respectively. The threefold axes point from B;to 4; (1 = j < 4) with the
polar angle 0 and azimuthal angles ©;:

cos0=~/13, @ =@Qj—Dn4, 1=<;<4 7

The rotations through 27t/3 around those threefold axes are denoted by R;,
1 =< j =< 4. The twofold axes join the midpoints of two opposite edges, and
corresponding rotations are denoted by S;, 1 =< j =< 6. The polar and azimuthal
angles of the first four axes are 7/4 and (j — 1)7/2, and the last two axes
are located on the xy plane with the azimuthal angles m/4 and
37t/4, respectively.

The octahedral double group O’ contains 48 elements and eight classes.
There are eight inequivalent irreducible representations for O’: Five
representations D!, D*2, DE, DTI, and D™ are called single-valued ones, and
three representations DE. DP and DY are double-valued ones. From a
standard calculation of group theory, the character table is obtained and listed
in Table I. The row (column) index p runs over integer (in a single-valued
representation) or half-odd integer (in a double-valued one). The order of
the row index p is also listed in Table 1.

The octahedral double group O} is the direct product of O’ and the
inversion group {E, P}, where P is the inversion operator. According to the
parity, the irreducible representations of O}, are denoted as ', (even) and [,
(odd), respectively. In this paper we will pay more attention to the double
group O'.

The rank of the double group O’ is three. We choose E’, T-, and S; as
the generators of O'. The representation matrix of E’ is equal to the unit
matrix 1 in a single-valued irreducible representation and —1 in a double-
valued one. It is convenient to choose the bases in an irreducible representa-
tions of O’ such that the representation matrices of the generator 7. are

diagonal with the diagonal elements n", where n = exp{—im/2}. Assume

Table I. Character Table of the Octahedral Double Group O’

E 6C, 6Ci 8C; 12C, E 6C;  8C3 u

4 1 1 1 1 1 1 1 1 0
4,1 -1 1 1 -1 1 -1 1 2
E 2 0 2 -1 0 2 0o -1 2,0
Ty 3 1 -1 0 -1 3 1 0 1,0, —1
T, 3 -1 -1 0 1 3 -1 0 3,21

P2 N/ 0 1 0o -2 -2 -1 12, —1/2
) -2 0 1 0o -2 NV 312, =312
G 4 0 0 -1 0 —4 0 1 32,112, =12, =32
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that the bases @y in the O’ group space are the eigenstates of left-action
and right-action of 7-:

T;q)uv = nuq)pv, q)p,VT: = nvq)p,v (8)

The bases @, can be easily calculated by the projection operator Py (Hamer-
mesh, 1962, p. 113):

—4p
O,y = cPy RPy, P, = E—T‘—E Z nHTe 9)

where c¢ is a normalization factor. The choice of the group element R in (9)
will not affect the results except for the factor ¢. The subscripts p and v
should be integer or half-odd integer, simultancously. In the following we
choose E, T2, and S; as the group element R in (9), respectively, and obtain
three independent sets of bases D}

—4 3
Q)Ll;)l _ M_i Z( n R
a=0

242

4u

y_Etm TE a

il = 22 aztn T
-4

E+ n g
=—"—(T + N7ESs + 7T+ 7S

242
oo = EENTHE ~pagag, —vbb |
v 2 Z n ,Zt n"r: (10)

_E+nME
4/2

+ NS, + NTHERE 4+ MTHTE + nMRy)

{(S1 + "R+ 7T + MRy

+ WIS + PR+ T + MR
+ e, + n*“R% + T + MR}

where and hereafter the subscript },L denotes —u. Those bases @) should
be combined into the irreducible bases \Jl,w belonging to the given 11Teduc1ble
representation I'. The combinations can be determined from the condition
that the irreducible bases should be the eigenstate of a class operator W,
which was called CSCO-I in Chen and Fan (1997). The eigenvalues o can
be calculated [see (3-170) in Hamermesh (1962)] from the characters in the
irreducible representations I listed in Table I:
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W=T.+T,+T.+ ET:+ E'T; + E'T?, Wiy = W = arlly
Oy, = 6, Oy = —6, o =0, Or, = 2

_ _ (11)
oar, = —2, af =32, o5 =-3Y2, a¢=0

Although a coincidence occurs, O = OLG , this coincidence will not constitute
an obstacle to calculation, because D is a single-valued representation, but
D is a double-valued one.

Now we are able to calculate the matrix form of W in the bases O,
and diagonalize it. The \lev are just the elgenvectors of the matrix form of W:

=N"1" Z co, (12)

where N is the normalization factor.

In these irreducible bases the representation matrices of E’ and T. are
diagonal with the diagonal elements *1 and n", respectively. But the explicit
matrix forms of another generator S; will depend upon the phases of the
bases \JI[W. We choose the phases such that S; has the following representa-
tion matrices:

L 3

DS = —D*™(S) =1,  DHS) = % (ﬁ -

-L 2 =l
-2 0 2

DE _ -1 -1 £ _ i (=1 1
S = \/2( 1), D (Sl)—\/z(1 1)

f_JE\B s
G _ i V3 1 -1 =3
R N NERE S BN

1 =3 3 -1

Some representations coincide with the subduced representations of D’ of
SO(3):

D"(S)) = —=D™(S)) =

N =
|
—_
<_
)
|
—_

DR = D'(R).  D"(R) = D'(R) :
DE(R) = D'*(R),  DY(R) = D**(R) R€O (14)

The normalization factors N and combination coefficients C; in the
irreducible bases (12) are listed in Table II.
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Table II. Irreducible Bases in the Group Space of O’

Vi = N 2000 + GOR + GO0}
Uil = (O + OF + 20§16
f = (D) + OF — 200}/

[=F [=EF
3 A% C[ Cz C3 N 3 A% C[ Cz C3 N
2 2 1 1 1 3 2 0 1 1
0 2 1 1 0 0 1 1 -1 3

r =T r =7
3 A% C[ Cz C3 N 3 A% C[ Cz C3 N
1 1 1 -1 2 3 3 1 1 2
0 1 -1 1 2 3 1 1
1 1 -1 -1 2 1 3 -1 1 2
1 0 -1 1 3 2 1 1
0 0 1 -1 2 2 2 1 -1 2
1 0 1 1 1 2 -1 1
1 1 -1 -1 2 3 1 -1 1 2
0 1 1 1 2 1 -1 1
1 1 1 -1 2 1 1 1 1 2

[=EF [=F
2},L 2v C[ Cz C3 N 2},l 2v C[ Cz C3 N
1 1 i -2 3 3 3 i -2 3
1 1 -1 -2 3 3 3 -1 N/ 3
1 1 -1 L2 3 3 3 -1 N/ 3
1 1 i V2 3 3 3 i V2 3

I =¢q r=¢
2},L 2v C[ Cz C3 N 2},l 2v C[ Cz C3 N
33 W2 | 30031 _ | i
1 3 1 1 1 1 _ V2 —1 3
1 3 - 1 1 1 1 2 -1 3
3 3 V2 1 3 3 1 _ 1 1
3 1 - 1 1 3 3 V2 1 3
1 1 2 - 1 3 1 3 —1 1
1 1 V2 -1 3 1 3 _ 1 1
3 1 1 1 3 3 i2 —1 3
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Now, the irreducible bases \JI,EV satisfy (5). The irreducible bases of the
group Oy, can be expressed as follows:

Uls = 27"(E + P)UL, Vi = 2712(E — PVl (15)

3. APPLICATIONS TO THE ANGULAR MOMENTUM STATES

Due to the properties (5), we can obtain the SAB by applying \lev
to any function. As an important application, we apply \JIEV to the angular
momentum states |j, u), where the Condon—Shortley definition is used:

Rlj, ny = i Diu(R) 1], v, R €SO(3) or SU2) (16)
V=T

When j is an integer /, |/, m) is just the spherical harmonics Y 5,1(6, 0).
From (16) and the definitions of the group elements we have
E'lj, )y = (=D71), ), T-j, wy = n"lj, w
T3, py = 2 DA (0, T, )1, vy = (=D, —p) (17)

Silj,py = Z D'y (0, /2, ) lj, vy = Z N (m2) 1, v

Now, it is easy to obtain the combinations of the angular momentum
states \JIEX I/, py to the SAB of O':

Wl L. p) = \/BINSH, R
+ 2C3T|2pd o(T0/2)} (18)

where N and C; were given in Table II, 1 = exp{—im/2}, and J}, is defined
as follows:

(19)

5 = {1 when (A — p)/n = integer
Ap 0 otherwise
where n = 4 for O’, due to 1’|4 = 1. In driving (18) some terms were merged,
so that the functions need to be normalized again.

Equation (18) isa simple and unified formula for calculating the correla-
tions of the spin states. For fixed A and p satlsfymg Ojp = 1, we obtain the
combinations of the angular momentum states \JIM 17, p belonglng to the p
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row of the irreducible representation I' of O’. Different choice of A and p
may cause the combinations to vanish, to be dependent on each other, or to
be independent. The number of independent combinations depends upon the
number of times the irreducible representation I' of O’ is contained in the
subduced representation of D’ of SU(2). The latter is completely determined

by the characters of the representations I" and D’

Those combinations given in (18) are very easy to calculate, by a simple
computer file or even by hand. In the following we list some combinations

as examples:

Y10, 0y = 44310,00,  WILIL 1y =411, w)
VA2, 2) = 243 (V172 12, 2) + V172 12, —2))
VE12, 2y = 243 12, 0)

U312, 2) =

24212, = 1)

V312, 2y = 242 (W12 12, 2) — 172 12, —2))
V312, 2) = 242 (—12, 1))

V313, 2) =

Vi3, 3y =

Vot 13, 3) =

Vi3, 3y =
V3313, 3y =
V3313, 3y =

213,3) =

‘JI;J,(I/Z) | 1/2 1/2>

Uien 1312, 312y =
Vi 1502, 512) =
\Jfﬁz)@ 15/2, 512) =
Uénam) 1512, 512y =
Ui am 1512, 512y =
Vamam 1512, 512) =

206 (N1/2 13,2y — J1/2 13, — 2))

J10 (V378 13, 1) + +/5/8 13, —3))

V10 (=13, 0)

J10 (5/8 13, 3) + +/3/8 13, — 1))

—J6 (=38 13, 3) + /5/8 13, —1Y)
—J6 (N1/2 13, 2) + 172 13, —2)
—J6 (508 13, 1y — \/3/8 13, —3))
246 1172, )

243 13/2, Wy

2(—=/5/6 1512, 3/2) + /1/6 1512, —5/2))
2116 152, 512) — 376 1512, —3/2))
iN10 (=176 1512, 312) — /516 1512, —5/2))
i10 1572, 1/2),

10 (=152, —1/2))
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VS 35,1512, 512) = inJ10 (\J5/6 1572, 5/2) + </ 1/6 1572, —3/2))

4. TETRAHEDRAL DOUBLE GROUP

The tetrahedral double group T’ is a subgroup of O’ with the generators
E', T2 and R;:

R = E'S\T}=87T:" (20)

In the irreducible bases we choose, the representation matrices of E’ and T2
are diagonal with the diagonal elements +1 and n*", respectively, and the
representation matrices of R; are as follows:

D™(R) =1, D**(R)) = ® = exp{—i2m/3},
D*(R)) = ® = exp{i2n/3}

N =

—i_ —\/2 i_ , T, (21)
DRy ==|-iW2 0o —iN2]| DF(R)) = X L !
—i N2 i \2 t

DEH(R)) = ®D"(R)), D (R)) = @D"(R))

where T = exp{—im/4}. The character table of T’ is given in Table IIIL.
Generally speaking, an irreducible representation of O’ is a reducible

one as a subduced representation of T'. Through the following similarity

transformation, the SAB of O’ can be further combined into the SAB of T':

D' (R),  D™(R) — D™(R)
X7 'DE(R) X, — D**(R) & D' (R)
D™(R), D™(R) - D'(R)

Table III. Character Table of the Tetrahedral Double Group T’
® = (®)"' = exp{—i2n/3}

E 4C; 4C3 6C, E e 4¢3 u
Ao 1 1 1 1 1 1 1 0
A+ 1 o Q) 1 1 o Q] 0
A- 1 0] (0] 1 1 (0] (0] 0
T 3 0 0 -1 0 0 1,0, —1
Ej 2 1 —1 0 -2 -1 1 172, —1/2
E: 2 o - 0 -2 ) Q) 172, —1/2
E’ 2 0] = 0 —2 — 0] 1/2, —1/2
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DFI(R), X3'DE(R)X> — DE(R)
X5'DY(R)Xs — D**(R) & D" (R)

0 1
) 0) (22)

For example,
W12, 2) = k12, 2) — k12, 2 )2
~ {12,2) — i\/2|2, 0y + 12, =232
W12, 2) = (WB12, 2) + iV 12, 232
~ {12,2) + 212, 0) + 12, =202 (23)
Uidl2, 2y = 43312, 2) ~ 12, —1)
012, 2) = U512, 2) ~ {12,2) — 12, —2)}/4/2
Uil12, 2y = ¥i312,2) ~ =12, 1)

As an alternative method, (23) can also be obtained from the irreducible
bases of the group space of T’'. Similar to (9) and (10), we calculate the
bases q)’u(&) by the projection operator Py:

1 , ,
iw = cP| RP}, P, = n (E + n™E)E + n T (24)

We choose E, T2, R;, and R} as the group element R in (24), respectively,
and obtain four independent sets of bases @}

, E+ n™E _
oy = I g 4y

o _ E+nE _
O =" (AT (25)
O = E+ nME

uv 2\/

(Rl +n Z;J,RZ_'_T.IZ(;J, V)R3+n 2VR4)



852 Dong, Hou, and Ma

E + n*E N
O = —2\7/15— (R + R + "* VR + n2'Ry)

The class operator W' is used to determine the irreducible bases \Jl{ll;

W' =R +R+ER+ER, WUL=vlw =pryl
Bsy=4  Bu =40, P =40, Pr=0 (26)
Be, =2,  PE =20 P =20

\lel; are the eigenvectors of the matrix form of W' in the bases ®}{:

=N Z co (27)

where the normalization factor N and the combination coefficients C; are
listed in Table IV.
Recall the Eulerian angles of the relevant rotations:

= R0, T, ®), R = RO, /2, ®/2), R = R(n/2, n/2, T)
(28)

Now, applying the irreducible bases \Jl{ll; to the angular momentum states
[7, w), we obtain the SAB for T':

Vihlj, py = \/mip Z Sivljs V{C18py + Ca8p(—1)7 PP

+ \/2C3n"d ip(TT/2) + chm”zpd o(T0/2)} (29)

where 8}, is defined in (19) with n = 2.

It is very easy to calculate from (29) the combinations of the angular
momentum states |j, u) to the SAB of T’. In the following we list some
examples:

Y10, 0y = 246 10, 0%, W11, 1) = 242 11, )
W2, 2y = \/E((l/z) 12, 2) —i\/1/2 12, 0 + (1/2)12, —2))
V12, 2) = J6((1/2) 12, 2) + i 172 12, 0y + (1/2)12, —2)),
Vigl2, 2y =212, =1y,
Y12, 2y = 2172 12, 2) — 172 12, —2))
Ulo12, 2) = 2(—12, 1))
Vol 13, 2y = 23172 13, 2) — 172 13, —2))
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Table IV. Irreducible Bases in the Group Space of T’
;’11:/ — N71/2 i C1®}’,l(\1/)
T =exp{—im/4}, o= (®)""' =exp{—i2m/3}
W= (O + OF + 208 + 20616
W= 10 + OF + 2006 + 2008146
i = (D + DR + 2006 + 26005}//6
[ =T [ =T
3 A% C[ Cz C3 C4 N 3 A% C[ Cz C3 C4 N
1 2 T _ 1 - 2
0 1 - i -1 2 1 1 -2 - =i 4
1 1 -2 i i 4 0 1 - i 1 2
1 0 -1 =i 2 1 1 2 —i i 4
0 0 1 -1 2
[ =E [ =E
umo2v G C, CG; C N 2u 2v C G, ¢ C, N
1 1 T 1 i 301 1 T 1 1 3
1 1 it 1 3001 1 -t 1 i 3
[ =E [ =kF
2},[ 2v C[ Cz C; C4 N 2H 2v C[ Cz C3 C4 N
1 1 T o i 3 1 1 1 o i 3
1 1 it ® o 3 1 1 it ® ® 3
1 1 it o o 301 i it o o 3
1 1 T —io —o 3 1 1 T —io —® 3
1713, 3) = —/3(—/3/8 13, 3) + /5/8 13, —1))
Uil 13, 3) = —J3(J1/2 13, 2) + /172 13, —2))
WiT13, 3y = —/3(\/5/8 13, 1) — +/3/8 13, —3))
Vil13, 3) = +/5(1/3/8 13, 1) + ~/5/8 13, —3))
Wit 13, 3) = /5(—13, 0))
Ut 13, 3y = J5(\/5/8 13, 3) + /318 13, —1))
Uil 1172, 172y = 24/3T 1172, py
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VT 132, 32) = N6t(in1/2 1312, 112) — \112 1372, —3/2))
VT 132, 32) = N6t(N1/2 1372, 312y — i 112 1372, —172))
Vi3 1312, 312y = \J6t(—in 12 1312, 1/2) — 172 132, —312))
Vi 132, 32) = N6t(N1/2 1372, 312) + i 112 1312, —172))
Wi 1512, 512) = N2t 1/6 1512, 512) — \J516 1512, —3/2))

Vi am 1512, 512) = N21(—~/5/6 1512, 312) + 16 1512, —5/2))
Wi am 1512, 512) = NJST(\/5/12 1502, 512) — iN1/2 1572, 1/2)
+ 112 152, =3/2))
Vi 152, 512) = St 112 1502, 302) — i 172 1512, —1/2)
+ 3512 1502, —5/2))
WiEam 1512, 512) = NJ5t(\/3/12 1502, 512) + i 1/2 1572, 1/2)
+ V112 152, =3/2))
U um 1512, 512) = 5t 112 1502, 32 + i 172 1512, —1/2)
J5112 1512, =5/2))

It is obvious that (23) coincides with these combinations.

5. CONCLUSION

The eigenstates of the Hamiltonian of a system with a given symmetry
can be combined into symmetry-adapted bases (Hamermesh, 1962). From
the irreducible bases in the group space of the symmetry group of the system,
the symmetry-adapted bases can be calculated generally and simply. The
combinations of the angular momentum states are important examples for
calculating the symmetry-adapted bases. In this paper we calculate the explicit
form of the irreducible bases of O’ group space, and obtain a general formula
(18) for calculating the combinations of angular momentum states into the
SAB of O'. The method is effective for all double point groups. However,
most double point groups are subgroups of O’, and the SAB of a subgroup
of O’ can also be calculated by further combining the SAB of O’. The
calculation for the icosahedral double group will be published elsewhere
(Dong et al., 1997).
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